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Abstract: Antideuteron and antihelium nuclei have been proposed as a detection channel
for dark matter annihilations and decays in the Milky Way, due to the low astrophysical
background expected. To estimate both the signal for various dark matter models and
the astrophysical background, one employs usually the coalescence model in a Monte Carlo
framework. This allows one to treat the production of antinuclei on an event-by-event basis,
taking thereby into account momentum correlations between the antinucleons involved in
the process. The standard coalescence approach lacks however an underlying microscopic
picture, and the numerical value of the coalescence parameter obtained from fits to different
reactions varies considerably. Here we propose a coalescence model which is based on the
Wigner function representations of the produced antinuclei states. This approach allows
us to include in a semi-classical picture both the size of the formation region, which is
process dependent, and momentum correlations. The model contains a single, universal
parameter which is fixed by fitting the production spectra of antideuterons in proton-proton
interactions at the Large Hadron Collider. Using this value, the model describes well the
production of various antinuclei both in electron-positron annihilation and in proton-proton
collisions.
Keywords: coalescence model, antideuteron, antihelium, dark mattera
rX
iv
:1
90
5.
01
19
2v
1 
 [h
ep
-p
h]
  3
 M
ay
 20
19
Contents
1 Introduction 1
2 Wigner function based deuteron formation model 3
2.1 Derivation 3
2.2 Parameter estimation 5
2.3 Numerical implementation 8
2.4 Improving the deuteron wave function 9
3 Formation of helium-3 and tritium 10
4 Comparison with experimental data 13
5 Conclusion 15
A Wigner function 16
B Experiments 16
B.1 ALICE 16
B.2 ALEPH and OPAL 17
1 Introduction
Antideuteron and antihelium nuclei have been suggested as promising detection channels for
dark matter, because of the low astrophysical background expected for such signatures [1]:
The dominant background source of antideuterons are cosmic ray protons interacting with
the interstellar medium. The high threshold energy for this reaction channel implies that
the antideuterons produced by cosmic rays have relatively large kinetic energies. Low-
velocity antideuterons are therefore an ideal tool to search for exotic sources of antimatter.
In the case of antihelium nuclei, the suppression of astrophysical backgrounds at low ve-
locities is even stronger, but the maximal event rates expected in dark matter models are
challenging for square-meter sized detectors. At present, the search for antinuclei is per-
formed by the AMS-02 experiment on board of the International Space Station, while the
GAPS balloon experiment is planned to fly in the next Solar minimum period around 2020
or 2021 [2, 3].
The production of light clusters of antinuclei like antideuteron, antihelium or antitri-
tium1 is usually described by coalescence models [4, 5]. Traditionally, cluster formation has
been parametrised by an invariant coalescence factor BA which relates the invariant yield
1Since our discussion applies equally well to the production of particles and of antiparticles in pp and
e+e− collisions, the preposition ‘anti’ is dropped further on.
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EA d
3NA
/
dP 3A of nuclei with mass number A formed out of Z protons and N neutrons to
the invariant yields Ei d
3Ni
/
dP 3i of protons (i = p) and neutrons (i = n) via
EA
d3NA
dP 3A
= BA
(
Ep
d3Np
dP 3p
)Z (
En
d3Nn
dP 3n
)N ∣∣∣∣∣
Pp=Pn=PA/A
. (1.1)
In e+e− and pp collisions, one imposes typically the coalescence condition in momentum
space, requiring that the momenta of merging nucleons in their two-body center-of-mass
(CoM) system are smaller than some critical value p0. In the limit of isotropic and equal
proton and neutron yields, the so-called coalescence momentum p0 is related to BA via
BA = A
(
4pi
3
p30
mN
)A−1
, (1.2)
where mN denotes the nucleon mass. This scheme can be improved taking into account
the momentum correlations between nucleons, which are provided by Monte Carlo (MC)
simulations on an event-by-event basis. Such an approach, which was first suggested in
Refs. [6, 7], is commonly used for the prediction of the antideuteron yield both from dark
matter annihilations or decays and from cosmic rays interactions [8]. The only free pa-
rameter of this model is the coalescence momentum p0, which should be independent of
the reaction type and the center-of-mass energy
√
s in order to be predictive. However,
the numerical value of the coalescence parameter obtained from fits to different reactions
varies considerably [8, 9].
An alternative scheme was developed to describe the formation of light nuclear clusters
in heavy-ion collisions. There, the coalescence condition was imposed in coordinate space,
assuming that the coalescence factor BA of a cluster with mass number A is proportional to
V A−1, where V denotes the volume of the emission region of hadrons from the expanding
cloud of partons [10, 11]. There have been considerable efforts to combine these two
approaches and to develop coalescence models which are based on a microscopical picture.
Many of these attempts impose the coalescence condition in phase space, using either a
classical or quantum mechanical description as a starting point. Such models have been
mainly applied to heavy ion collisions and are reviewed, e.g., in Refs. [12–14].
The coalescence process has also been modelled as a dynamical process where the
formation probability of a deuteron is proportional to the scattering cross section of the
reaction N¯1N¯2 → d¯X. The amplitude for such processes has been derived, e.g., from
models for the non-relativistic nucleon-nucleon potential. As an alternative, Ref. [15] used
experimental data to determine the cross sections p¯n¯ → d¯X for X = {γ, pi0, . . .}. The
coalescence probability was then determined as σtot(N¯1N¯2 → d¯X)/σ0 with σ0 as a free
parameter. As a result, antideuterons were mainly produced with momenta close to the
delta resonance, ∼ 1 GeV, and the fit to the antideuteron production data in pp collision
data from the ALICE experiment improved significantly.
In this work, we develop a coalescence model for the formation of light nuclei in e+e−
and pp collisions, which can be applied as well to dark matter annihilations and decays.
The model is based on the Wigner function representations of the produced antinuclei
– 2 –
states and allows us to include in a semi-classical picture both the size of the formation
region, which is process dependent, and momentum correlations. The model contains a
single, universal parameter which is fixed by fitting the production spectra of antideuterons
in pp collisions, measured by the ALICE experiment at the LHC [16]. The obtained value,
σ(e+e−) = σ(pp)/
√
2 ' 5 GeV−1 ' 1 fm, agrees well with its physical interpretation as the
size of the formation region of the light nuclei. Using this value, the model describes well
the data on the production of antihelium in pp interactions and of antideuterons in e+e−
annihilations at the Z-resonance [17, 18].
2 Wigner function based deuteron formation model
We develop our model first for the case of deuteron production. The generalization to
helium-3 and tritium is straightforward and will be performed in the next section. In
the following, we use the fact that the binding energy B of these nuclei is small, e.g.
B ' 2.2 MeV for the deuteron. Therefore we can assume that a nucleus A is formed
through the process N1 + . . . + Nn → A∗, and that the excitation energy is later released
by the emission of a photon.
2.1 Derivation
The derivation of our new coalescence model is inspired by the approach using Wigner
functions presented in Ref. [13]. We consider a system consisting of a proton and a neutron
in a frame where the motion of their CoM is nonrelativistic. The number of deuterons with
a given momentum P d can be found by projecting the deuteron density matrix ρd onto
the two-nucleon density matrix ρnucl,
d3Nd
dP 3d
= tr{ρd ρnucl}. (2.1)
The deuteron density matrix describes a pure state, ρd = |φd〉 〈φd|. The spin and isospin
values of the two-nucleon state can be taken care of by introducing a statistical factor S =
3/8 [19], such that the two-nucleon density matrix can be written as ρnucl = |ψpψn〉 〈ψnψp|
and is normalized as
〈ψnψp|ψpψn〉 = NpNn. (2.2)
Here, Np and Nn are the average multiplicities of protons and neutrons per event, respec-
tively.2
By evaluating the trace in the coordinate representation |x1x2〉, where the two indices
refer to the positions of the two nucleons, one finds
d3Nd
dP 3d
= S
∫
d3x1 d
3x2 d
3x′1 d
3x′2 φ
∗
d(x1,x2)φd(x
′
1,x
′
2)
〈
ψ†n(x
′
2)ψ
†
p(x
′
1)ψp(x1)ψn(x2)
〉
,
(2.3)
2We neglect for the moment the double counting of nucleons involved in different pairs.
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where φd(x1,x2) and ψi(x) are the wave functions of the deuteron and nucleon i, respec-
tively. Next we factorise the deuteron wave function into a plane wave describing the CoM
motion with momentum P d and an internal wave function ϕd,
φd(x1,x2) = (2pi)
−3/2 exp{iP d · (x1 + x2)/2}ϕd(x1 − x2). (2.4)
Then we replace the two-nucleon density matrix by its two-body Wigner function,〈
ψn(x
′
2)
†ψp(x′1)
†ψp(x1)ψn(x2)
〉
=
∫
d3pn
(2pi)3
d3pp
(2pi)3
Wnp
(
pn,pp,
x2 + x
′
2
2
,
x1 + x
′
1
2
)
× exp[ipn · (x2 − x′2)] exp[ipp · (x1 − x′1)]. (2.5)
Next we introduce as new coordinates the “average” positions of the proton and neutron,
rp = (x1 + x
′
1)/2 and rn = (x2 + x
′
2)/2, as well as their separation r = rn − rp, ξ =
x1−x′1−x2 +x′2 and ρ = (x1−x′1 +x2−x′2)/2. Changing also the momentum integration
variables to p = pn + pp and q = (pn − pp)/2, and performing then the ρ and p integrals,
we arrive at
d3Nd
dP 3d
=
S
(2pi)6
∫
d3q
∫
d3rp d
3rn D(r, q)Wnp(P d/2 + q,P d/2− q, rn, rp), (2.6)
where
D(r, q) =
∫
d3ξ exp{−iq · ξ}ϕd(r + ξ/2)ϕ∗d(r − ξ/2) (2.7)
is the Wigner function3 of the internal deuteron wave function ϕd.
Using a Gaussian as ansatz for the deuteron wave function,
ϕd(r) =
(
pid2
)−3/4
exp
{
− r
2
2d2
}
, (2.8)
its Wigner function follows as
D(r, q) = 8e−r2/d2e−q2d2 . (2.9)
The measured deuteron rms charge radius rrms = 2.14 fm [20] is reproduced choosing
4
d = 3.2 fm. To proceed, we have to choose also an ansatz for the Wigner function of the two-
nucleon state. Monte Carlo simulations can be used to obtain the momentum distribution
of the nucleons, Gnp(pn,pp), which includes also relevant momentum correlations. On the
other hand, Gnp(pn,pp) can be obtained from the Wigner function as∫
d3rp d
3rnWnp(pn,pp, rn, rp) = NpNn |ψnp(pn,pp)|2 ≡ Gnp(pn,pp), (2.10)
where ψnp(pn,pp) is the normalized two-nucleon wave function in momentum space. We
assume therefore a factorization of the momentum and coordinate dependences,
Wnp(P d/2 + q,P d/2− q, rn, rp) = Hnp(rn, rp)Gnp(P d/2 + q,P d/2− q). (2.11)
3Our conventions for the normalisation of the Wigner function are described in the Appendix A.
4Note that the variable r in the deuteron wave function describes the diameter, such that rrms =∫
d3r(r/2)2|ϕ(r)|2.
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~Pd
θ zˆ~r±‖, σ‖
~r±⊥, σ⊥
Figure 1. Splitting of the width σ into a part parallel to the beam (z-axis), σ‖, and a part
perpendicular to the beam, σ⊥. Only the components of r⊥ and r‖ parallel to the deuteron
momentum P d are affected by the Lorentz transformation.
Note that this assumption implies a transition from a full quantum mechanical treatment
to a semi-classical picture. Finally, we neglect spatial correlations between the proton and
the neutron, Hnp(rn, rp) = h(rn)h(rp) and choose a Gaussian ansatz for h(r),
h(r) =
(
2piσ2
)−3/2
exp
{
− r
2
2σ2
}
. (2.12)
Eq. (2.6) then takes the form
d3Nd
dP 3d
=
3ζ
(2pi)6
∫
d3q e−q
2d2 Gnp(P d/2 + q,P d/2− q), (2.13)
where the factor
ζ ≡
(
d2
d2 + 4σ2
)3/2
≤ 1 (2.14)
depends on the characteristic spatial spread of the nucleons and on the spatial extension of
the deuteron wave function. The coalescence probability is also suppressed for large q2d2
as a Gaussian in our model.
2.2 Parameter estimation
In order to estimate the characteristic values for the parameter σ in the spatial distribution
h(r) defined in Eq. (2.12), one generally has to consider separately the longitudinal and
transverse directions,
h(r) ∝ exp
{
−
r2‖
2σ2‖
− r
2
⊥
2σ2⊥
}
. (2.15)
Let us discuss first the case of e+e− annihilation into hadrons in the center-of-mass
frame of the collision, choosing the z-axis along the direction of the outgoing quark and
antiquark, as shown in Fig. 1. Before we proceed, it is worth remarking that this reaction
– 5 –
involves three different time and distance scales [21]: The annihilation of the electron-
positron pair into the quark and antiquark happens during the time tann ∼ 1/
√
s. For
s  Λ2QCD, the hard process is thus almost point-like in coordinate space. The pertur-
bative cascading of the produced (anti-) quark proceeds via parton branchings with the
characteristic momentum transfer Λ2QCD  |q2|  s. This implies that the corresponding
longitudinal proper distance scales are smaller than Λ−1QCD. Therefore, the third and last
step, the nonperturbative conversion of the final partons into hadrons, corresponds to the
longest time and distance scales: The so-called hadronisation time or formation length
Lhad required for a hadron to build up its parton “coat” is
Lhad ∼ γL0, (2.16)
where γ is the gamma factor of the hadron in the considered frame and L0 equals approxi-
mately the nucleon size, L0 ∼ Rp ∼ 1 fm. The coalescence process involves nucleons which
have (almost) completed their formation and the process proceeds on distance scales which
are comparable to Lhad. Boosting to the rest frame of the produced deuteron compensates
the gamma factor in Eq. (2.16), hence we expect σ‖ ∼ L0 ∼ 1 fm in that frame.
The characteristic transverse spread of a produced hadron can be estimated using the
uncertainty relation: The transverse displacement of the hadron is obtained summing over
the perpendicular components of the random walk performed by the previous generations
of partons during both the perturbative and nonperturbative parton cascading. The con-
tribution of a single branching is inversely proportional to the transverse momentum of
the parton, ∆bi ∼ 1/p⊥,i. Also here, nonperturbative physics gives the dominating con-
tribution with5 p⊥ ∼ ΛQCD. Since the bulk of deuterons is produced with relatively small
transverse momenta, boosting to the rest frame has a small effect on σ⊥ ∼ Λ−1QCD. In the
simplest option we consider, we neglect therefore this boost. Since Λ−1QCD is of the same
order of magnitude as L0, we set in the following σ‖ = σ⊥ = σ, to minimize the number
of parameters. An alternative set-up which takes into account the effect of the transverse
boost of σ⊥, will discussed at the end of this subsection.
Let us now move to proton-proton, proton-nucleus and nucleus-nucleus collisions. Here,
the picture is modified by multiple scattering processes involving multiparton interactions:
The proton and neutron taking part in the coalescence process can therefore originate
from different parton-parton interactions. Therefore it is necessary to take into account
the longitudinal and transverse spread of the initial parton clouds of the projectile and
the target. Starting with the former, it is important to keep in mind that the effect of
the Lorentz contraction is different for fast and slow partons. At a given rapidity y in
the laboratory system, partons from, say, the target proton cloud are distributed over the
longitudinal distance ∼ Rp/γ = Rp e−y. Boosting to the deuteron rest-frame compensates
again the gamma factor, such that the resulting “geometrical” contribution to σ‖, due to
the longitudinal extension of the parton cloud, equals σ‖(geom) ∼ Rp ∼ 1 fm. Summing the
5The numerical value of ΛQCD depends on the renormalisation scheme used and varies between 0.3 and
0.9 GeV for three flavors [22].
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Figure 2. Sketch of the parton clouds of two interacting hadrons.
two contributions in quadrature, we obtain
σ2‖ = σ
2
‖(e±) + σ
2
‖(geom) ≈ 2σ2‖(e±). (2.17)
Finally, we have to consider the geometrical contribution to σ⊥. One may naively
expect it to depend on the impact parameter for a proton-proton (proton-nucleus) collision.
Let us show that this is not the case in the simple geometrical picture of Fig. 2 and derive
the geometrical contribution to σ⊥. We define σ⊥(geom) as the transverse spread of the
overlapping region (O) of the projectile and target parton clouds,
σ2(geom) = 〈r21〉O − 〈r1〉2O. (2.18)
The expectation value 〈A〉O follows then as
〈A〉 =
∫
d2r1 d
2r2 Aρ1(r1) ρ2(r2)wint(|b− r1 + r2|)∫
d2r1 d2r2 ρ1(r1) ρ2(r2)wint(|b− r1 + r2|) , (2.19)
where b is the impact parameter for the collision, ρi(ri) are the transverse parton densities
of the projectile (i = 1) and the target (i = 2), and wint is the probability for a parton-
parton interaction. Assuming for simplicity that the latter is point-like,
wint(|b− r1 + r2|) ∝ δ(2)(b− r1 + r2), (2.20)
and approximating the density distributions by Gaussians,
ρi = 1/(pi R
2
i ) exp
{−r2/R2i }, (2.21)
with Ri being the transverse radii of the projectile and the target, respectively, we obtain
σ2⊥(geom) =
R21R
2
2
R21 +R
2
2
. (2.22)
For the particular case of pp collisions, we have σ2⊥(geom) = R
2
p/2. Since this is of the same
order of magnitude as σ2⊥(e±), we set
σ2⊥ = σ
2
⊥(e±) + σ
2
⊥(geom) ≈ 2σ2⊥(e±), (2.23)
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such that we can also use for proton-proton collisions one universal parameter,
σ‖ = σ⊥ = σ =
√
2σ(e±) . (2.24)
It is noteworthy that such an assumption would generally be unjustified in the case of
proton-nucleus and nucleus-nucleus collisions since the corresponding geometrical contri-
butions to σ‖ and σ⊥ may differ significantly. Considering, as an example, proton-lead
collisions, we have σ‖(geom) ∼ RPb, while Eq. (2.22) yields for the transverse spread
σ⊥(geom) ' Rp.
Boosted σ⊥ In an alternative set-up, we take into account that σ⊥ is defined in the
collider frame, while in the derivation of Eq. (2.13), all quantities and wave functions
were evaluated in the rest frame of the deuteron. This requires that we Lorentz transform
W (r, q) ∝ h(r) between the two frames. Such a transformation includes both a longitudinal
boost, with a Lorentz factor γ‖ ' γ cos θ ' γ, and a transverse one. Here θ ' (pp⊥ +
pn⊥)/(pp‖ + pn‖) is the small angle between the direction of motion of the nucleon pair
in the CoM and the z-axis in the original frame, before the boost. While the former
transformation has been accounted for in our definition for σ‖, the effect of the latter is to
replace σ⊥ defined in the original frame by σ˜⊥ in the CoM, with
σ˜⊥ =
σ⊥√
cos2 θ + γ2 sin2 θ
. (2.25)
Thus, the factor ζ in Eq. (2.14) changes to
ζ =
d2
d2 + 4σ˜2⊥
√
d2
d2 + 4σ2‖
. (2.26)
2.3 Numerical implementation
As one can see in Eq. (2.13), a given proton-neutron pair with momentum difference q/2
in its CoM has the probability
w = 3ζe−q
2d2 (2.27)
to form a deuteron. Depending on whether we use the simplified approach or take into
account the modification of σ⊥ by the transverse boost, the factor ζ is defined by Eq. (2.14)
or (2.26), respectively.
At this point, we have to take some care of potential double (triple, etc.) counting
since a given proton may be paired with different neutrons and vice versa. Let us assume
that for a given event, the final state contains Np protons and Nn neutrons. Denoting by
wij the coalescence probability, Eq. (2.27), for a pair formed out of the i-th proton and
the j-th neutron, we have the following expression for the average number of deuterons
produced in such an event,
Nd =
Np∑
i=1
Nn∑
j=1
wij − 1
2
Np∑
i=1
Np∑
k 6=i
Nn∑
j=1
wij wkj − 1
2
Np∑
i=1
Nn∑
j=1
Nn∑
l 6=j
wij wil − . . .
'
Np∑
i=1
Nn∑
j=1
wij
1− 1
2
Np∑
k 6=i
wkj − 1
2
Nn∑
l 6=j
wil
 , (2.28)
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where in the second line we have taken into account the smallness of the coalescence
probabilities and neglect the contributions of triple and higher contributions.
As one can see from Eq. (2.28), the contribution of a given proton-neutron pair ij to
the binning of the deuteron spectrum should be taken with the weight,
Ωij = wij
1− 1
2
Np∑
k 6=i
wkj − 1
2
Nn∑
l 6=j
wil
 . (2.29)
Since we bin the deuteron distribution d3Nd/dP
3
d in the reference frame of the detector,
no additional factor accounting for the Lorentz transformation of the yield is necessary.
2.4 Improving the deuteron wave function
In the treatment above, a Gaussian which reproduces the measured rrms value of the
deuteron charge distribution was used as wave function. However, it is known that the
deuteron wave function is stronger peaked at r = 0 than a Gaussian. An alternative is the
Hulthen wave function,
φd(r) =
√
ab(a+ b)
2pi(a− b)2
e−ar − e−br
r
(2.30)
with a = 0.23 fm−1 and b = 1.61 fm−1, which gives a good description of the deuteron
ground state [20]. Using this wave function, an analytical derivation of the weights would
however be not possible. To obtain a better description of the deuteron, and at the same
time to keep the problem analytical solvable, we use instead the sum of two Gaussians as
an ansatz for the deuteron wave function,
ϕd(r) = pi
−3/4
[
∆1/2
d
3/2
1
e−r
2/(2d21) + eiα
(1−∆)1/2
d
3/2
2
e−r
2/(2d22)
]
, (2.31)
where we include a relative phase α between the two terms. Choosing eiα = i leads to some
simplifications. First, the probability distribution
|ϕd(r)|2 = pi−3/2
[
∆
d31
e−r
2/d21 +
1−∆
d32
e−r
2/d22
]
(2.32)
contains with this choice no mixed terms. Moreover, we will see below that this choice
leads to the same weight function as in the one-Gaussian case.
Next we fit |ϕd(r)|2 to the Hulthen wave function (2.30) in order to fix ∆, d1, and
d2. Two possible methods are to fit either |ϕd(0)|2, 〈r〉, and 〈r2〉, or 〈r〉, 〈r2〉, and 〈r3〉.
The first method will be called ϕ0-fit and the second r
3-fit. The ϕ0-fit yields ∆ = 0.581,
d1 = 3.979 fm, and d2 = 0.890 fm, while the r
3-fit yields ∆ = 0.247, d1 = 5.343 fm, and
d2 = 1.810 fm. The resulting probability distributions are plotted in Fig. 3 together with
the one for the one-Gaussian (Eq. (2.8)) and the Hulthen (Eq. (2.30)) wave functions.
One can see in the figure that the two-Gaussian ansatz resembles the Hulthen probability
distribution more closely than the Gaussian wave function does, in particular, regarding
– 9 –
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Figure 3. Comparison between the different parametrizations for the deuteron wave function.
the peak around r = 0. The ϕ0-fit reproduces visually the behaviour around r = 0 best
and will therefore be used when comparing with experimental data later on.
The deuteron Wigner function follows then as
D(r, q) = 8
[
∆e−r
2/d21e−q
2d21 + (1−∆)e−r2/d22e−q2d22
]
+A(r · q), (2.33)
where the function A is odd in r, A(−r · q) = −A(r · q). Therefore the new term A
drops out performing the spatial integrals over rp and rn in Eq. (2.6) and, thus, does not
contribute to the weights in the binning procedure. The weights for the two-Gaussian case
are thus
w = 3
(
ζ1∆e
−q2d21 + ζ2[1−∆]e−q2d22
)
, (2.34)
where the ζi are given by Eq. (2.14).
The weighted q2 distributions with the one-Gaussian weight and two-Gaussian weights
for pp collisions at
√
s = 7 TeV are shown in Fig. 4 for the ALICE setup discussed in
appendix B.1, using σ = 7 GeV−1 and a constant ζ. For the old model, p0 = 0.2 GeV is
used and the resulting distribution is rescaled by a factor 0.3 to make the figure clearer.
Double counting has in all cases only a minor effect on the resulting distributions. In the
two-Gaussian case, the better description of the peak at r = 0 in the probability distribution
significantly enhances the contribution from proton-neutron pairs with a relatively large
momentum difference squared q2.
3 Formation of helium-3 and tritium
The cases of helium-3 and tritium nuclei are similar to the deuteron case, but the derivation
of the weight is more cumbersome. The Coulomb interaction between the two protons in
– 10 –
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Figure 4. Weighted q2-distribution for the four considered cases.
the helium nucleus is neglected, such that the model for helium-3 and tritium becomes the
same. This assumption is supported by the data of the ALICE experiment which found a
comparable yield of helium-3 and tritium nuclei. The binding energies of both nuclei are
still low (∼ 8 MeV), and the same approximations as in the deuteron case thus still apply.
The number of helium nuclei with momentum PHe is found by projecting the helium
density matrix onto the three-nucleon one, cf. with Eq. (2.1). As in the deuteron case,
the nucleus wave function is factorised into a plane wave describing the CoM motion with
momentum PHe and an internal wave function which depends on the relative coordinates,
φHe(x1,x2,x3) = (2pi)
−3/2 exp{iPHe ·R}ϕHe(ρ,λ). (3.1)
Here R, ρ, and λ are expressed via x1, x2, and x3 as
λ = (x1 + x2 − 2x3)/
√
6, (3.2a)
ρ = (x1 − x2)/
√
2, (3.2b)
R = (x1 + x2 + x3)/3, (3.2c)
with x21 + x
2
2 + x
2
3 = 3R
2 + ρ2 + λ2, ρ2 + λ2 = (x1 − x2)2 + (x1 − x3)2 + (x3 − x2)2,
d3r1 d
3r2 d
3r3 = 3
3/2 d3R d3ρ d3λ. The internal wave function is again approximated by a
Gaussian in the relative coordinates ρ and λ,
ϕHe(ρ,λ) = (3pi
2b4)−3/4 exp
{
−ρ
2 + λ2
2b2
}
, (3.3)
with b being the rms radius of the nucleus,
r2rms = 3
3/2
∫
d3ρd3λ
ρ2 + λ2
3
|ϕHe(ρ,λ)|2 = b2. (3.4)
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The 3He and 3H nuclei have rms radii equal 1.96 fm and 1.76 fm, respectively [23].
Performing the same steps as in Eqs. (2.3) and (2.5) in the deuteron case, we obtain
for the momentum spectrum of the produced nuclei
d3NHe
dP 3He
=
S
(2pi)3
∫
d3r1 d
3r2 d
3r3 d
3r′1 d
3r′2 d
3r′3 e
−iPHe·(R−R′) ϕHe(ρ,λ)∗ ϕHe(ρ′,λ′)
×
∫
d3p1
(2pi)3
d3p2
(2pi)3
d3p3
(2pi)3
eip1·(x1−x
′
1)+ip2·(x2−x′2)+ip3·(x3−x′3)
× WN1N2N3
(
p1,p2,p3,
x1 + x
′
1
2
,
x2 + x
′
2
2
,
x3 + x
′
3
2
)
,
(3.5)
where S = 1/12 is the statistical factor accounting for the different isospin and spin states
and WN1N2N3 is the Wigner function for the three-nucleon state. We approximate again
WN1N2N3 by a product of momentum and coordinate distributions of the nucleons, neglect-
ing spatial correlations between the latter,
WN1N2N3(p1,p2,p3, r1, r2, r3) = GN1N2N3(p1,p2,p3)
3∏
i=1
h(ri), (3.6)
where h(r) is given by Eq. (2.12).
Expressing further the product ϕHe(ρ,λ)
∗ ϕHe(ρ′,λ′) via the Wigner function of the
helium nucleus and doing the spatial integrals, changing to the coordinates (3.2), we finally
obtain
d3NHe
dP 3He
=
64S ζ
(2pi)9
∫
d3p1 d
3p2 d
3p3 δ
(3)(p1 + p2 + p3 − PHe)GN1N2N3(p1,p2,p3) e−b
2P 2 ,
(3.7)
where
ζ =
(
b2
b2 + 2σ2
)3
(3.8)
accounts for the overlap of the wave functions and
P 2 =
1
3
[
(p1 − p2)2 + (p1 − p3)2 + (p2 − p3)2
]
(3.9)
is a measure of the relative momentum difference between the nucleons. The procedure for
finding the correct Lorentz transformation is similar to the deuteron case. The result is
ζ =
(
b2
b2 + 2σ˜2⊥
)2
b2
b2 + 2σ2‖
, (3.10)
where σ˜⊥ is again given by (2.26).
The numerical procedure for treating the formation of tritium and helium-3 nuclei is
identical to the one described in section 2.3, apart from the different weight factor; P 2
is now defined in the CoM frame of the three-particle state. One may argue that it is
sufficient to calculate the momentum differences between nucleons, entering Eq. (3.9), in
the rest frames for the corresponding nucleon pairs since, because of the exponential factor
in Eq. (3.7), those practically coincide with the rest frame of the nucleus. This approach
was used throughout in this work.
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Experiment one-Gaussian two-Gaussian Old model
σ [ 1GeV ]
χ2
N−1 σ [
1
GeV ]
χ2
N−1 p0 [MeV]
χ2
N−1
ALICE 0.9 TeV 3.5± 0.7 7.5/2 6.2± 0.3 6.0/2 181 7.3/2
ALICE 2.76 TeV 4.3± 0.3 44/6 6.6± 0.1 32/6 174 45.6/6
ALICE 7 TeV 4.1± 0.2 182/19 6.6± 0.1 133/19 176 177/19
ALICE combined 4.1± 0.1 235/29 6.6± 0.1 172/29 176 229/19
ALICE helium-3 4.5± 0.9 1.7/2 - - 179 1.2/2
ALEPH 0+2.3−0 - 5.0
+0.9
−0.6 - 214
+21
−26 -
ALEPH + OPAL 0+4.4−0 3.2/1 5.5
+1.3
−1.1 3.2/1 201 3.2/1
Table 1. Fit results for the constant ζ factor, in comparison to the old model.
Experiment one-Gaussian two-Gaussian
σ [ 1GeV ]
χ2
N−1 σ [
1
GeV ]
χ2
N−1
ALICE 0.9 TeV 3.9± 0.8 6.7/2 6.9± 0.3 2.6/2
ALICE 2.76 TeV 4.9± 0.3 35/6 7.5± 0.1 8.6/6
ALICE 7 TeV 4.7± 0.2 143/19 7.6± 0.1 29/19
ALICE combined 4.7± 0.4 186/29 7.6± 0.1 45/29
ALICE helium-3 5.2± 1.0 1.1/2 - -
ALEPH 0+2.4−0 - 5.3
+1.0
−0.6 -
ALEPH + OPAL 0+4.6−0 3.2/1 5.8
+1.4
−1.1 3.2/1
Table 2. Fit results obtained taking into account the modification of σ⊥ by transverse boosts.
4 Comparison with experimental data
The predicted yield of antinuclei depends on the hadronisation scheme [24], and a com-
parison to different experimental data sets should be therefore made using a single MC
simulation. In this work, we choose to perform all our simulations of pp and e+e− col-
lisions with Pythia 8.230 [25, 26]. In order to exclude nucleons produced in decays, we
set ∆τ = 0, switching thereby particle decays in Pythia off. In each run, we take into
consideration all produced nucleon pairs with q < 0.25 GeV for the one-Gaussian case and
with q < 0.5 GeV for the two-Gaussian ansatz for the deuteron wave function. There are
two obvious methods to generalise the standard per-event coalescence model to helium-3
and tritium: One can require that each of the relative momenta lie within a sphere with
radius p0 in momentum space, or that the absolute momentum difference for each pair of
particles is smaller than p0 [27, 28]. The latter approach was used here.
Let us now test our model with available data on antideuteron production in e+e−
annihilation at the Z resonance energy, from the ALEPH and OPAL experiments, and
with ALICE data on antideuteron and antihelium production in pp collisions. Details of
the experimental setups are described in Appendix B. Both for the parameter σ of the
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Experimental data
Figure 5. Best combined fits to the ALICE antideuteron data for the considered models. The
data and fits are multiplied by a constant factor to make the figure clearer.
new model and for p0 of the standard coalescence model, we perform χ
2 fits to these data
sets. The best-fit values, their 1σ errors and the reduced χ2 of the various fits are given in
Table 1 for the case of constant σ⊥. In turn, the fit results reported in Table 2 take into
account the modification of σ⊥ by transverse boosts, i.e. they have been obtained using ζ
defined in Eq. (2.26), with σ˜⊥ from Eq. (2.25). We first note that the two-Gaussian cases
lead to significantly reduced χ2 values, compared to the one-Gaussian ansatz or to the
standard coalescence model. At the same time, they favor larger values for the parameter
σ, which is related to an enhanced contribution from nucleon pairs with relatively large
q2. Taking into account the modification of σ⊥ by transverse boosts improves significantly
the quality of the fits, as one can see in Table 2. Moreover, in that case, the best-fit values
of the parameter σ agree well with our estimates in Section 2.2: The ratio of the values
of σ, determined from fits to the ALICE data for pp collisions and to the ALEPH data
for e+e− annihilation, agrees well with the expected one, equal
√
2 (c.f. Eq. (2.24)), and
the absolute value, σ(e+e−) ' 5 GeV−1 ' 1 fm, is consistent with its interpretation as the
characteristic hadronic length scale (∼ Rp).
In Fig. 5, we compare the ALICE antideuteron data with the best-fit spectra obtained
for the various cases considered. It becomes apparent that the slope of the p⊥ distributions
is best described using the two-Gaussian ansatz for the deuteron wave function, when the
modification of σ⊥ by transverse boosts is taken into account.
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Figure 6. Best fits to the ALICE antihelium data for the one-Gaussian models. The best fits
using the parameters obtained from the best combined fit to the ALICE antideuteron data is also
plotted.
In Fig. 6, we compare the predictions of our model to the ALICE data for light antinu-
clei, antihelium and a single data point for tritium. Using the best-fit values for σ obtained
from fitting the antideuteron data in the two-Gaussian case, the experimental data are
satisfactorily reproduced. Additionally, we show the best-fit spectra obtained by fitting
the antihelium data. Since the difference between the two fits compared to the errorbars
is small, we conclude that the two data sets can be consistently described using the same
value of σ. The goodness-of-fit parameter is χ2/(N − 1) = 6.0/2 when the σ determined in
the combined antideuteron fit is used for the helium-3 and tritium data. Thus there is a
slight tension, and it will be interesting to check it by future antihelium data with reduced
errors.
5 Conclusion
We have developed a new coalescence model which is based on the Wigner function rep-
resentations of the produced antinuclei states. This approach has allowed us to include
in a semi-classical picture both the size σ of the formation region and the momentum
correlations of the nucleons forming the nuclei. Since the size σ is process dependent,
the difference in the observed antideuterons yields in e+e− and pp collisions can be nat-
urally accounted for. Fitting the single, universal parameter contained in our model to
experimental data, we obtained a best-fit fit value, σ ' 1 fm, which corresponds well to
its physical interpretation as the size of the formation region of the light nuclei. If in the
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future, antideuteron and antihelium data sets with reduced errors and for a larger p⊥ range
will be available, an independent fit of the two parameters σ⊥ and σ‖ might be warranted.
We have examined different approximations for the deuteron wave functions as well as
two different implementations of the transverse size σ⊥ of the formation region. The fits
to the ALICE antideuteron data prefer the two-Gaussian wave function and the approach
where σ⊥ is Lorentz contracted in the deuteron frame. Both cases correspond to the
physically expected choices: The two-Gaussian wave function takes into account that the
deuteron wave function is rather peaked at r = 0, while σ⊥ ' Rp is expected to hold in the
CoM frame of the collider. Using the best-fit values for antideuteron, we could describe
well the data for the production of antihelium in pp interactions and of antideuterons in
e+e− annihilation at the Z-resonance energy.
Acknowledgements
M.K. and J.T. acknowledges partial support from the Research Council of Norway (NFR).
S.O. acknowledges support from project OS 481/2-1 of the Deutsche Forschungsgemein-
schaft.
A Wigner function
Our definition (2.7) of the one-particle Wigner function implies in d = 1 as normalisation
(with ~ = 1 = h/(2pi)) ∫
dp
2pi
dxW (x, p) = 1 . (A.1)
The corresponding probability distributions for the space and momentum variables are
obtained from ∫
dxW (x, p) = ψ∗(p)ψ(p), (A.2)∫
dp
2pi
W (x, p) = φ∗(x)φ(x). (A.3)
For our ansatz W (x, p) = h(x)g(p), it follows that h(x) describes the probability distribu-
tion of the nucleon in coordinate space, while the probability distribution of the nucleon
momenta g(p) is normalised as ∫
dp
2pi
g(p) = 1 . (A.4)
B Experiments
B.1 ALICE
The ALICE Collaboration measured the invariant differential yields of deuterons and an-
tideuterons,
E
d3n
dp3
=
1
Ninel
1
2pipT
d2N
dpT dy
, (B.1)
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in inelastic proton-proton collisions at centre of mass energies
√
s = 0.9, 2.76 and 7 TeV,
in the pT range 0.8 < pT < 3 GeV and for rapidity
6 |y| < 0.5 [16]. Here E and p are the
deuteron energy and momentum, Ninel is the number of inelastic events, N is the total
number of detected deuterons, and n ≡ N/Ninel. The experiment included a trigger (V0)
consisting of two hodoscopes of 32 scintillators that covered the pseudo-rapidity ranges
2.8 < η < 5.1 and −3.7 < η < −1.7, used to select Non-Diffractive (ND) inelastic events.
An event was triggered by requiring a hit (charged particle) on either side (positive or
negative η) of the V0 triggering setup.
Pythia 8 generates general inelastic collisions, including single-diffractive (SD), double-
diffractive (DD) and ND events. The minimum bias events selected by the V0 trigger
generally include those that Pythia treats as SD and DD events. While we used Pythia 8
to generate general minimum bias pp collisions, only events satisfying the V0 trigger have
been included in our analysis.
B.2 ALEPH and OPAL
The ALEPH collaboration at LEP studied the deuteron and antideuteron production in
e+e− collisions at the Z resonance energy. The measured production rate of antideuterons
was (5.9± 1.8± 0.5)× 10−6 per hadronic Z decay, for the antideuteron momentum range
from 0.62 to 1.03 GeV and for the production angle θ satisfying | cos θ| < 0.95 [17].
In a similar experiment performed by the OPAL collaboration [18], no antideuteron
events were detected. Reference [15] noted that the resulting upper limit on the an-
tideuteron yield has previously been neglected, but should also be taken into account. The
measurements were performed in the antideuteron momentum range 0.35 < p < 1.1 GeV,
with an estimated detection efficiency  = 0.234, which includes the angular acceptance.
The expected total number of antideuterons was
Nd¯ = Nevnd¯,MC, (B.2)
where Nev = 1.64 × 106 is the number of events in the OPAL analysis and nd¯,MC is the
MC prediction for the number of antideuterons per event. We follow Ref. [15] and assume
a Poissonian uncertainty σd¯ =
√
Nd¯ for the expected number of antideuterons. The χ
2 is
in this case given by
χ2OPAL =
(Nobs −Nd¯)2
σ2
d¯
= Nd¯. (B.3)
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